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1. Introduction 
Let k(X) = k(X1, ... , Xn) be a purely transcendental field extension of 
a field k, and let Gn be an arbitrary transitive permutation group on 
the set {X1, ... , Xn}=X. Let ka denote the field of all invariants under 
Gn in k(X). 
If ka is also purely transcendental over k, i.e. if there exist elements 
Ur, ... , Un in k(X), 
(1) (v = 1, ... , n) 
with p.[X1, ... , Xn] E k[X] (v=O, 1, ... , n), such that ka=k(Ur, ... , Un)= 
=k(U), then the polynomial 
" IT (t-Xt)= tn-s1tn-1 + ... + ( -1)nsn 
i=l 
can be written in the form 
(2) tn + al(U)tn-1 + ... + an(U) 
with a.(U) E k(U) (v= 1, ... , n), since the elementary symmetric functions 
sr, ... , Bn in X certainly belong to ka. 
In 1916 E. NoETHER showed that (2) can be regarded as a parametric 
representation of all polynomials f[t] E k[t] of degree n with Galois group 
(considered as a permutation group of the suitably arranged zeros of 
f[t]) a subgroup of Gn [10] 1). In fact, if f[t] is any such polynomial with 
zeros (¥1, ... , (¥n say, then substitution of Xr, ... , Xn by (¥1, ... , (¥n in (1) 
transforms Ur, ... , Un into elements k1, ... , kn of k, provided that 
po[(¥1, ... , (¥n]· qo[(¥r, ... , (¥n]#O, where qo[Xr, ... , Xn] denotes the product 
of the denominators of the coefficients ai( U) of the equation (2); and 
conversely, substitution of U1, ... , Un by kr, ... , kn in (2) transforms 
(2) into f[t]. 
The condition po [ (¥r, ... , (¥n] · qo [ (¥1, ... , (¥n] # 0 however, seems to be a 
1) An exposition of E. Noether's theorem and a modified proof (arbitrary 
characteristic of the groundfield k) are given in [6]. 
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rather heavy restriction on the generality of the theorem, for it might 
be possible that in (2) so many polynomials with Galois group Gn over 
k are missing, that some field extension Kfk with Galois group G,....., Gn 
might have no generating polynomial that is contained in the parametric 
representation (2). Such generating polynomials however must exist 
in the case that k is infinite as is shown in theorem 1 of this paper. 
Theorem 1. Let Kfk be an arbitrary field extension of k with Galois 
group G ,....., Gn. Let k be infinite. Let, in the above introduced notation, ka 
be purely transcendental over k, and let (2) be the corresponding parametric-
representation of E. Noether. Then there exist infinitely many different 
generating polynomials f[t] E k[t] of Kfk with Galois group Gn, that can be 
derived from (2) by means of a substitution u~-+ k., (k~ E k). 
We remark that the infiniteness condition fork is not a heavy restriction, 
for in the case that k is finite we do not need a parametric representation 
of the type (2), as finite extensions of finite fields have cyclic Galois 
groups, each field and its generating polynomial being easily constructed 
by means of well known arguments. 
On the other hand, if an arbitrary substitution of u~ by elements of 
k transforms (2) into a separable polynomial f[t] E k[t], then the Galois 
group Hn of f[t] is a subgroup of Gn. This is a consequence of theorem 2 
below. 
In order to state theorem 2 we have to define what will be understood 
by the Galois group of an arbitrary separable polynomial. 
Let f[t] be a separable polynomial in k[t]. Let k1 be the splitting field 
of f[t]. Let g1[t] ... gk[t] be the different irreducible factors in f[t], so that 
f[t] can be written f[t]=gl[t]ml ... gk[t]mk, We put g[t]=g1[t] ... gk[t]. 
Then, obviously, kt= kg. The Galois group G of g[t] over k is the group 
of those automorphisms of kg leaving k pointwise fixed. 
Now, since kt=kg we define the Galois group of f[t] to be the same 
group G. Usually G is represented as a permutation group of the different 
zeros of f[t]. However, it is also possible to represent G without ambiguity 
as a permutation group of all the zeros of f[t], by assigning to every 
irreducible factor of f[t] a separate set of zeros and not admitting any 
permutation that carries a zero of one irreducible factor into a zero of 
another (necessarily identical) irreducible factor of f[t]. 
Now, the following theorem, which is similar to a theorem of VAN DER 
WAERDEN (Moderne Algebra I, 1960, § 61), holds. 
Theorem 2. Let k(U1, ... , Um)=k(U) be a purely transcendental field 
extension of a field k; let m > l. Let 
P = bo(U)tn + bl(U)tn-l + ... + bn(U) 
be any separable polynomial irreducible in k(U)[t], with Galois group Gn. 
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Furthermore, assume U,-+ k, (ki E k; i= 1, ... , m) to be a substitution 
carrying P into 
P* = bo*tn + b1*tn-1 + ... + bn*· 
Let P* have n separable but not necessarily different zeros <X1, .•. , <Xn. Then 
the Galois group of P (in the above defined sense, as a permutation group 
of the n suitably arranged zeros <X1, ... , <Xn) is a subgroup of Gn. 
In section 3 some answers are given to the question as to which groups 
Gn and which fields k are such that kG is purely transcendental over k. 
2. Proof of the theorems 
We need the following lemma on permutation groups. 
Lemma: Let Gn be an isomorphic transitive permutation representation 
of a finite group G on a set of n elements; and let Gm be a faithful permutation 
representation of the same group G on a set X of m elements, such that Gm 
as a permutation group is isomorphic to the regular representation of G. 
Let m = l· n. Then we can divide the domain X of Gm into n subsets of 
imprimitivity X1, ... , Xn such that the permutations of X1, ... , Xn under 
Gm yield a faithful permutation representation of G which is, as a permutation 
group, isomorphic to Gn. 
The proof of the lemma follows from the fact that every representation 
of G is a representation on a subgroup of G (see M. HALL [3], p. 57). 
Proof of theorem 1. Our proof is based on the following con-
struction. Let Kfk be an arbitrary field extension with Galois group G. 
We then construct subsets {<X1, ... , <Xn} of K with the following properties: 
(i) k(<X1, •.. , <Xn) = K, 
(ii) <X1, ... , <Xn are the zeros of an irreducible polynomial f[t] E k[t], 
(iii) the Galois group G of Kfk permutes <X1, ... , <Xn in just the same way 
as G11 permutes X1, ... , X 11 , respectively, 
(iv) po[<X1, •.. , <Xnl qo[<X1, .•• , <Xnli' 0. 
It will appear in the following that there exist infinitely many different 
sets with these properties. The fact that the theorem will follow from 
this construction is easily seen when we apply the above cited theorem 
of E. Noether. For, if we substitute <Xt for the X, then U1, ... , U11 trans-
form into elements of k while po[<Xb ... , <Xn] qo[<X1, ... , <Xn] # 0. So f[t] = 
= (t-<X1) •.• (t-<Xn) is the polynomial we are looking for. 
Let N: {(h, ... ,Om} be a normal basis of Kfk and let Gm be the (regular) 
permutation group on N, representing the Galois group of Kfk. Let 
v1, ... , Vm be m algebraically independent variables that are adjoined to k; 
denote k(v1, ... , Vm) by k(V) and accordingly K(vb ... , Vm) by K(V). The 
Galois group of K( V)fk( V) remains Gm. Form the expressions 
lh = v101 + ... + VmOm, e, = C1t(01) (atE Gm; 0"1 = 1 E Gm; i = 1, ... , m). 
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Then it is readily seen that the set N : {01, ... ,Om} forms a normal 
basis of K(V)jk(V). For the determinant D=g[vb ... , vm] E k[V] in the 
Vt of the transformation 0t=O't(01) does not vanish, so that 01, ... , Om are 
linearly independent over k( V); they are also conjugates over k( V). 
Passing from N toN we obtain a representation Gm of G on N, which 
is as a permutation group isomorphic to Gm. As G can also be represented 
as a transitive permutation group of n elements (viz. X1, ... , Xn), we 
can apply the lemma, and find a partition N =N1 u ... u Nn, such that 
the permutations of N1, ... , Nn under Gm are the same as those of 
X1, ... , Xn under Gn, provided that the sets Ni are numbered in a suitable 
way. 
Define Zi=s(Nt) (i= 1, ... , n), where s(Ni) denotes the sum of the 
elements of Ni. Z1, ... , Zn are, as the sums of the elements of disjoint 
subsets of an algebraically irreducible set over k, certainly algebraically 
independent over k. This means po[Z1, ... , Zn]·qo[Zb ... , Zn]""'O. It is, 
furthermore, clear that the permutations of Z1, ... , Zn under Gm form just 
the group Gn (as permutations of Z1, ... , Zn instead of X 1, ... , Xn, 
respectively). This means that k(V)(Z1, ... , Zn)=K(V). 
Let 
po[Zb ... , Zn] · qo[Z1, ... , Zn] = f[vb ... , Vm] E K[V]. 
Now, let Vi~ ki (i= 1, ... , m; ki E k) be an arbitrary substitution such 
that f[kb ... , km]·g[kb ... , km]""'O. Note that there exist infinitely many 
substitu~ions of this kind, as k is infinite. Let Vi ~ ki carry the elemen1:;_s 
Ot into IJi ( i = 1, ... , m) and correspondingly the set N into the set N. 
Then N forms a normal basis of Kfk, a,_s the ~eterminant D obtains the 
value g[kh ... , kn]""' 0, and the elements (h, ... , Om are linearly independent 
and conjugated over k. 
Let Nt be the image under Vi ~ kt of Ni, then IXi = s(Ni) is the image 
under Vi ~ kt of Zt. These ext are, as the ~ms of the elements of disjoint 
subsets of the linearly independent set N over k, linearly independent, 
thus certainly different. 
Now, we show that {cx1, ... , cxn} fulfils all the properties (i)-(iv) by 
proving that the Galois group G of K(k (or K(V)jk(V)) as a permutation 
group Gm of the element!' ift in N, is just the same as Gm, considered as 
the permu~tion group of the corresponding elements oi in N. For, if 
this is so, Gm permutes the different elements cx1, ... , cxn in just the same 
way as Gn permutes X1, ... , Xn (or Z1, ... , Zn), respectively, and thus 
yields an isomorphic representation of the Galois group of Kfk. This 
would mean, however, that K =k(cx1, ... , cxn). 
By construction we have already 
Po[cx1, ... , iXn] · qo[cx1, ... , iXn] = /[k1, ... , km] ""'0. 
So we have only to :e_rove t!_J.at an automorphism of Kfk determines the 
same permutation of 01, ... , Bm as of 01, ... , Om, respectively. 
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In fact, let n be an automorphism of Kfk carrying fh into 0" and lh 
into 0,; let further 01 =h(vi. ... ,Vm; 81) Ek(fh)[V], so that 01 =h(k1,. .. ,km,01). 
Applying n to 01 and 01 we find n01=0t=h(v1, ... , Vm, Ok) and n01= 
=h(k1, ... , km, (}&), the latter element being clearly equal to 8,. This 
argument holds for all o,. q.e.d. 
Remark on theorem 1. Prof. Mullender communicated to me 
that one can weaken the condition that the Galois group of Kfk be 
isomorphic to G. For, by a modification of the proof (similar to what is 
done in theorem 4 of [6], p. 29) the theorem still holds true if we take 
for Kfk field extensions with Galois group H, where H is an arbitrary 
subgroup of G. I shall not give a proof of this proposition here. I will take 
the opportunity to express my thanks to Prof. Mullender, with whom 
I had several useful discussions regarding the subject matter of this paper. 
Proof of theorem 2. Let X1, ... , Xn be the zeros of P. By means of 
the indeterminates v1, ... , Vn form the expressions Z1=v1X1 + ... + vnXn 
and C1 =V1~1 + ... +vn~n· If nfl denotes a permutation on the set V: {v1, ... ,vn} 
then nx and n"' shall denote the same permutations on X : {X1. ... , Xn} 
and A : {~1 , ... , ~n}, respectively. 
Obviously, we have for any nf) 
n~1 = z1 and n~tiC1 = '1· 
Hence, 
Therefore, if a certain set of elements nt1Z1 or nt~C1 is formed by letting 
ntJ run through a group Gf) of permutations on V, then the same set is · 
formed by the elements nxZ1 and n.lv respectively, if nx and n"' run 
through the groups Gx and G"' of the same permutations on X and A 
respectively. 
Now let Sf) denote the symmetric permutation group of V and let Sx 
and S"' den()te the corresponding groups of the x, and the ~,. 
Then, clearly, 
F = II (t-ntJZ1) = II (t-nxZ1) 
n.,t:s., "zt:Sz 
and 
F* = II (t-nt~C1) = II (t-n"'C1). 
,,.s., ""'"s"' 
The coefficients ofF are symmetric in X1, ... , Xn and, therefore, can 
be expressed in v1, ... , Vn and the coefficients bo, b1. ... , bn of P. They 
are, in fact, polynomials in Vt and b1/bo, ... , bn/bo. It is clear that the 
coefficients of F* can in exactly the same way be expressed in Vt and 
b1*fb0*, ... , bn*/bo*, since P* has n zeros, and thus bo**O. 
Multiplying F by a suitably chosen power of bo, we obtain a polynomia 
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in Vt, bo, ... , bn and t, i.e. a polynomial in Vt, ul, ... , Um and t with 
coefficients in k: 
F = b0P ·FE k[V, U] [t]. 
The substitution Ut--+ kt (i = 1, ... , m) carries every b1 into b1* (j = 0, 1, ... , m) 
and hence F into 
F*(t)=bo*P·F*(t) E k[V, t]. 
Let 
be a factorization of F into factors that are irreducible in k( V, U)[t]. 
As is well known, we may assume Ft to be polynomials in k[U, V][t], 
for the Unique Factorization! Theorem holds in k[U, V]. These poly-
nomials are all different 1) and they have each the Galois group Gx "'"' G 
with respect to k(U, V) since the conjugates relative to k(U, V) of any 
zero nv'Z1 of F can be obtained by performing all the permutations nx 
that belong to Gx on nv'Z~, i.e., in virtue of (3), by performing all the 
permutations nv that belong to Gv on nv'Z~, from which it follows that 
all the elements obtained in this way are different. 
Without loss of generality ~e may suppose Z1 to be a zero of F1. The 
substitution . U t --+ kt carries each polynomial F i ( i = 1, ... , r) into a 
polynomial Ft* in k[V][t] and clearly, 
F* = F1* ... Fr*· 
By reordening the indices of iXI, ••• , iXn we can ensure that C1 is a zero 
of F1*· 
Now, let H be the Galois group of k(A) with respect to k. Then, if 
1X1, ••• , iXn are all different, each element of H corresponds to one and 
only one permutation of 1X1, ... , iXn. However, the same is true if there 
are equal zeros among 1X1, ••• , iXn (i.e. in virtue of the separability of P*, 
if P* has some identical2) irreducible factors), provided that we do not 
admit permutations that carry a zero of one irreducible factor into a zero 
of another (necessarily identical) irreducible factor. 
Since Vt are algebraically independent with respect to k(A), the Galois 
group His also the Galois group of k(V, A) over k(V). Now, the conjugates 
of C1 with respect to k( V) can be obtained by performing all the permuta-
tions n"' that belong to H"' "'"'H (with the above mentioned restriction) 
on C1, and all the elements obtained in this way are different. For, if 
n,/C1 =V1iX., + ... +v,.iX., =niX"C1 =V1iXv + ... +v,.iX., then iX., =iX., ... , iX, =iX., rl rn 1 n r1 1 ~"'n n 
and this can only be true for two permutations niX' and n/ belonging to 
H"', if n"'' =n"'", on account of the given restriction as to the permutations 
1) Because of the fact that Vi are algebraically independent over k(X) and 
Xt. ... , X,. are all different, the polynomial P being irreducible and separable. 
2) Identical meaning here: with the same or proportional coefficients. 
38 
belonging to H"'. Hence the conjugates of C1 are obtained by performing 
all the n"' that belong to H"' on C1 • 
Now, since the zeros of F1 all have the form nvZ1 (nv E Gv) and since 
F 1* is derived from F1 by the substitution U,-+ k,, the zeros of F 1* 
all have the form nvCl with nv E Gv. As all the conjugates of Ct occur among 
these zeros of F1, it follows that Hv is a subgroup of Gv. q.e.d: 
3. The pure transcendency of ka 
We conclude this paper by putting the question: which fields k and 
(transitive) permutation group Gn are such that ka is purely transcendental 
over k1 
It appears from the literature that only in the following cases it has 
been shown that the answer is in the affirmative 1). 
First, if k has characteristic zero and if G is one of the group divisors 
of the symmetric groups Sa and S4 (E. NoETHER [10], F. SEIDELMANN 
[11 ]). Here, the condition on the characteristic can be weakened to char 
(k)=p*2 [6]. 
Secondly, if G is cyclic of order n, while k contains the n-th roots of 
unity, p t n (K. MAsuDA [8]). This result remains also true in the case 
p=n (H. KUNIYOSm (4]). 
In the third place if G is a group generated by reflections and represented 
regularly, where k has characteristic .zero (C .. CHEVALLEY [1]). 
Furthermore, if Gn is a p-group where k has characteristic p (W. 
GASCHUTZ [2], H. KUNIYOSm [5]). 
In a paper of H. MoRIKAWA [9] it is shown that ka is pure with respect 
to kifG is nilpotent and if k contains the m-th roots of unity (m=exponent 
of G), but here the permutation representation is (in general) not 
transitive. 
W. KuYK and P. MuLLENDER [7] generalized, the above result of 
Masuda to arbitrary abelian groups G, where p t order ofG.and k contains 
the m-th roots of unity. Furthermore, the first autho~ proved some 
general product theorems [6], which have a.o. the following consequences: 
ka is pure with respect to k if G belongs to the following class 0 of 
groups (k contains the m-th roots of unity, where m=exponent of G, 
and p t order of G) : 
(i) 0 contains the abelian groups, (ii) 0 contains the transitive group 
divisors of Sa and S4, (iii) 0 contains all symmetric groups Sn, (iv) if 
G E 0, H eO then G X H E 0, (v) if G E 0, H E 0 then a l H E 0, where 
G l H denotes the wreath product of the permutation groups G and H. 
For a definition of the wreath product see M. HALL [3], p. 81. 
Mathematical Centre 
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1) If G is symmetric and k arbitrary then, of course, kG is pure over k, with a. 
generating basis consisting of au the elementary symmetric functions. 
39 
REFERENCES 
I. CHEVALLEY, C., Invariants of finite groups generated by reflections, Am. 
Journal of Math. 77, 778 (1955). 
2. GASCHUTZ, W., Fixkorper von p-Automorphismengruppen rein transzendenter 
Korperweiterungen von p-Charakteristik, Math. Z. 71, 466 (1959). 
3. HALL, M., The theory of groups, McMillan, New York, 1959. 
4. KuNIYOSHI, H., On a problem of Chevalley, Nagoya Math. Journal 8, 64 (1955). 
5. , Int. Symp. on Algebraic Number Theory, Tokio-Nikko, 241 (1950). 
6. KUYK, W., Over het omkeerprobleem van de Galoistheorie, diss. Amsterdam 
1960. 
7. and P. MULLENDER, On the invariants of finite abelian groups, 
Proc. Kon. Ned. Acad. v. Wet. Series A, 66, No. 2 = Indag. Math. 25, 
No. 2 (1963). 
8. MAsuDA, K., On a problem of Chevalley, Nagoya Math. Journal, 8, 59 (1955). 
9. MoRIKAWA, H., On the invariants of finite nilpotent groups, Osaka Math. 
Journal 10, 63 (1958). 
10. NoETHER, E., Gleichungen mit vorgeschriebener Gruppe, Math. Ann. 78 (1916). 
11. SEIDELMANN, F., Die Gesamtheit der kub. u. biquadr. Gleichungen mit Affekt 
bei beliebigem Rationalitatsbereich, diss. Erlangen 1916. 
